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PARTIAL GENERALIZED CROSSED PRODUCTS AND A
SEVEN-TERM EXACT SEQUENCE
M. DOKUCHAEV, A. PAQUES, H. PINEDO, AND I. ROCHA
Abstract. For a partial Galois extension of commutative rings we give a seven term
exact sequence wich generalize the Chase-Harrison-Rosenberg sequence.
1. Introduction
This is a continuation of the paper [17], in which a sequence of six homomorphisms was
constructed in order to give a partial Galois theoretic analogue of the Chase-Harrison-
Rosenberg seven term exact sequence [5]. In this article we prove that the sequence from
[17] is exact. In some sense this topic is a natural sequel to [13], where a Galois theory
for commutative rings was developed in the context of partial actions of groups on rings,
including some facts on non-commutative Galois extensions. A systematic algebraic con-
sideration of partial actions was initially influenced by a successful use of partial actions
and partial representations in the study of C∗-algebras generated by partial isometries,
and nowadays it is being stimulated by diverse algebraic, topological and C∗-algebraic
advances on the subject (see the book by R. Exel [20] and the surveys [3], [8], [9], [21],
[28]).
Prior to the sequence, the paper by S.U. Chase, D.K. Harrison, A. Rosenberg [5]
contains, in particular, several equivalent definitions of the Auslander-Goldman concept
of a Galois extension of commutative rings [1] and a fundamental theorem. This part
of [5] was extended in [13] to partial actions, naturally raising the problem of the gen-
eralization of the seven term exact sequence as well. Given a (global) Galois extension
RG ⊆ R of commutative rings relative to a finite group G, the Chase-Harrison-Rosenberg
sequence involves Picard groups, Galois cohomology groups and the Auslander-Goldman
notion of the Brauer group [1], which in this case is formed by the equivalence classes of
Azumaya (i.e. central separable) RG-algebras split by R. In symbols, the sequence is of
Date: August 19, 2019.
This work was partially supported by FAPESP of Brazil. The first named author was also partially
supported by CNPq of Brazil.
Mathematics Subject Classification: Primary 13B05; Secondary 13A50; 16H05; 16K50; 16S35;
16W22; 20M18.
Key words and phrases: Partial action, partial representation, Galois extension, Galois cohomology,
Azumaya algebra, Brauer group, Picard group.
1
2 M. DOKUCHAEV, A. PAQUES, H. PINEDO, AND I. ROCHA
the form
0→ H1(G,U(R))→Pic(RG)→Pic(R)G→H2(G,U(R))→B(R/RG)→H1(G,Pic(R))→
H3(G,U(R)).
Thus for our generalization of the sequence a cohomology theory based on partial group
actions is needed. The latter was introduced in [14], inspired by R. Exel’s notion of a
twisted partial group action on a C∗-algebra [19], adapted to rings in [11]. The starting
point of [14] is the replacement of global G-actions on abelian groups (G-modules) by
unital partial actions of G on commutative semigroups (partial G-modules), in particu-
lar, on commutative rings. The partial group cohomology found applications to partial
projective group representations [14], [18] and to the study of ideals of (global) reduced
C∗-crossed products [24]. It also motivated the treatment of partial cohomology from
the point of view of Hopf algebras [4]. A more general multiplier valued version of partial
cohomology was used to classify extensions of semilattices of abelian groups by groups
[15], [16].
The action of G on R, as above, induces an action of G on the Picad group Pic(R),
and the third term of the Chase-Harrison-Rosenberg sequence is the subgroup of the
fixed points Pic(R)G. It turns out that a partial action α of G on R gives rise to a par-
tial action α∗ of G on a more general object, namely the commutative inverse semigroup
PicS(R) of the finitely generated projective R-modules of rank ≤ 1 (see Section 3).
The semigroup PicS(R) contains Pic(R) as a subgroup, and the appropriate replace-
ment of Pic(R)G is the semigroup of those elements of Pic(R), which are α∗-invariant
in PicS(R). All (global) cohomology groups in the above sequence are substituted now
by their partial theoretic analogues, observing that PicS(R) appears also in the sixth
term as the coefficients of certain 1-cohomologies. Our main result is the following exact
sequence:
0→ H1(G,α,R)
ϕ1
→ Pic(Rα)
ϕ2
→ PicS(R)α
∗
∩Pic(R)
ϕ3
→ H2(G,α,R)
ϕ4
→ B(R/Rα)
ϕ5
→
H1(G,α∗,PicS(R))
ϕ6
→ H3(G,α,R).
The seven term sequence in [5] was derived from the Amitsur cohomology seven term
exact sequence, obtained by S.U. Chase and A. Rosenberg in [6] using a spectral sequence
of A. Grothendieck. A constructive proof of the Chase-Harrison-Rosenberg sequence was
offered by T. Kanzaki in [23], an important ingredient being the notion of a generalized
crossed product related to a representation of G into an appropriate Picard group. Our
approach is inspired by the treatment of the first six terms of the sequence in the book
of F. DeMeyer and E. Ingraham [7] and the Kanzaki’s paper [23]. We use an extended
version of generalized crossed products, wich in our case are related to a partial repre-
sentation of G into a certain Picard semigroup (see Section 7).
In this paper by a ring we mean an associative ring with identity element. For any
ring R, an R-module is a left unital R-module. If R is commutative, unless otherwise
stated, we will consider an R-moduleM as a central R-R-bimodule. We say that M is a
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f.g.p. R-module if M is a (left) projective and finitely generated R-module. A faithfully
projective R-module is a faithful f.g.p. R-module. For a monoid (or a ring) T, the group
of units of T is denoted by U(T ).
Throughout this work, R will denote a commutative ring and unadorned ⊗, unless
otherwise established, will mean ⊗R.
2. Some preliminaries
In this section we give some definitions and results which will be used in the paper.
We start by recalling three basic facts about projective modules.
Lemma 2.1. The following assertions hold.
• [17, Lemma 2.1] Let M and N be R-modules such that M and M⊗N are f.g.p.
R-modules, and Mp 6= 0 for all prime ideals p of R. Then, N is also a f.g.p.
R-module.
• [7, Lemma I.3.2 b)] If M is a faithful f.g.p. R-module, then there exists an
R-R-bimodule isomorphism M∗⊗EndR(M)M
∼= R. Consequently, if N and N ′ are
R-modules such that M⊗N ∼=M⊗N ′ as R-modules, then N ∼= N ′ as R-modules.
• [7, Hom-Tensor Relation I.2.4] Let A and B be R-algebras, M be a f.g.p. A-
module and N be a f.g.p. B-module. Then for any A-module M ′ and any B-
module N ′, the map
ψ : HomA(M,M
′)⊗HomB(N,N
′)→ Hom(A⊗B)(M⊗N,M
′⊗N ′),
induced by (f⊗g)(m⊗n) = f(m)⊗g(n), for all m ∈ M, n ∈ N , is an R-module
isomorphism. If M =M ′ and N = N ′, then ψ is an R-algebra isomorphism.
We proceed with partial Galois cohomology. Let G be a group. We recall from [11]
that a unital twisted partial action of G on R is a triple
α = ({Dg}g∈G, {αg}g∈G, {ωg,h}(g,h)∈G×G),
such that for every g ∈ G, Dg is an ideal of R generated by a non-necessarily non-zero
idempotent 1g, αg : Dg−1 → Dg is an isomorphism of rings, for each pair (g, h) ∈ G×G,
ωg,h is in U(DgDgh), and the following statements are satisfied for all g, h, l ∈ G :
(i) D1 = R and α1 is the identity map of R,
(ii) αg(Dg−1Dh) = DgDgh,
(iii) αg ◦ αh(r) = ωg,hαgh(r)ω
−1
g,h for any r ∈ Dh−1D(gh)−1 ,
(iv) ω1,g = ωg,1 = 1g and
(v) αg(1g−1ωh,l)ωg,hl = ωg,hωgh,l.
If R is a multiplicative monoid, one obtains from the above definition the concept of
a unital twisted partial action of a group on a monoid.
Notice that (v) implies
(1) αg(ωg−1,g) = ωg,g−1 , for any g ∈ G.
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Let α be a unital twisted partial action of G on R. The partial crossed product R⋆α,ωG
(see [11, Definition 2.2]) is the abelian group
⊕
g∈G
Dgδg, where the δg’ s are place holder
symbols, and the multiplication in R ⋆α,ω G is induced by
(rgδg)(thδh) = rgαg(th1g−1)ωg,hδgh.
By [11, Theorem 2.4] R ⋆α,ω G is an associative ring with identity 1δ1. Moreover, the
map R ∋ r 7→ rδ1 ∈ R ⋆α,ω G is a monomorphism of rings. Thus, we consider R as a
subring of R ⋆α,ω G, and the latter as an R-R-bimodule via the actions
r(agδg) = ragδg, and (agδg)r = agαg(r1g−1)δg, r ∈ R, g ∈ G, ag ∈ Dg.
The family of partial isomorphisms {αg : Dg−1 → Dg}g∈G forms a partial action (as
defined in [10]), which we also denote by α. Then ω = {ωg,h}(g,h)∈G×G is called a twisting
of α, and the above twisted partial action will be simply denoted by (α, ω). Moreover,
if ω(g, h) = 1g1gh, for all g, h ∈ G, we say that ω is trivial, and, in this case, the partial
crossed product R⋆α,ωG coincides with the partial skew group ring R⋆αG as introduced
in [10]. The subring of invariants of R under α was defined in [13] as
Rα = {r ∈ R |αg(r1g−1) = r1g ∀g ∈ G}.
When G is finite, the extension R ⊇ Rα is a α-partial Galois extension (see [13]) if for
some m ∈ N there exists a subset {xi, yi | 1 ≤ i ≤ m} of R, called a partial Galois coordi-
nate system of the extension R ⊇ Rα, such that
m∑
i=1
xiαg(yi1g−1) = δ1,g, for all g ∈ G.
Remark 2.2. It is shown in [13, Theorem 4.1] that R ⊇ Rα is a partial Galois extension
if and only if R is a p.f.g Rα-module and the map
(2) j : R ⋆α G→ EndRα(R), j

∑
g∈G
rgδg

 (r) =∑
g∈G
rgαg(r1g−1),
for each r ∈ R, is an isomorphism of R-modules and Rα-algebras.
Definition 2.3. [14, Definition 1.4] Let T be a commutative ring or a monoid, n ∈ N
and α = (Tg, αg)g∈G a unital partial action of G on T. An n-cochain of G with values
in T is a map f : Gn → T, such that f(g1, . . . , gn) ∈ U(T1g11g1g2 . . . 1g1g2...gn), for all
n ∈ N. A 0-cochain is an invertible element of T .
The set of n-cochains Cn(G,α, T ) is an abelian group under the point-wise multi-
plication. Its identity is (g1, g2 . . . gn) 7→ 1g11g1g2 . . . 1g1g2...gn and the inverse of f ∈
Cn(G,α, T ) is f−1(g1, . . . , gn) = f(g1, . . . , gn)
−1, where f(g1, . . . , gn)
−1f(g1, . . . , gn) =
1g11g1g2 . . . 1g1g2...gn .
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Proposition 2.4. [14, Proposition 1.5] Let δn : Cn(G,α, T ) → Cn+1(G,α, T ) be the
map defined by
(δnf)(g1, . . . , gn+1) =αg1
(
f(g2, . . . , gn+1)1g−11
) n∏
i=1
f(g1, . . . , gigi+1, . . . , gn+1)
(−1)i
f(g1, . . . , gn)
(−1)n+1 ,
for any f ∈ Cn(G,α, T ) and g1, . . . , gn+1 ∈ G, where the inverse elements are taken
in the corresponding ideals. If n = 0 and t ∈ U(T ) we set (δ0t)(g) = αg(1g−1t)t
−1,
for all g ∈ G. Then, δn is a homomorphism such that (δn+1δnf)(g1, g2, . . . , gn+2) =
1g11g1g2 . . . 1g1g2...gn+2 , for any f ∈ C
n(G,α, T ).
Definition 2.5. The map δn is called a coboundary homomorphism. We define the
groups Zn(G,α, T ) = ker δn, Bn(G,α, T ) = im δn−1 and Hn(G,α, T ) =
ker δn
im δn−1
of
partial n-cocycles, n-coboundaries and n-cohomologies of G with values in T , n ≥ 1,
respectively. For n = 0 we set H0(G,α, T ) = Z0(G,α, T ) = ker δ0. We say that f and
f ′ in Cn+1(G,α, T ) are cohomologous if f = (δnρ)f ′, for some ρ ∈ Cn(G,α, T ).
From now on G will denote a finite group, R a commutative ring and R ⊇ Rα a partial
Galois extension.
3. The exact sequence
0→ H1(G,α,R)
ϕ1
→ Pic(Rα)
ϕ2
→ PicS(R)α
∗
∩Pic(R)
ϕ3
→ H2(G,α,R)
For any left R ⋆α G-module M we set
MG = {m ∈M | (1gδg)m = 1gm, for all g ∈ G}.
Lemma 3.1. For every left R ⋆α G-module M the map µ : R⊗RαM
G → M given by
µ(x⊗Rαm) = xm is an isomorphism of left R ⋆α G-modules, where R is a left R ⋆α G-
module via (rgδg) ⊲ r = rgαg(r1g−1).
Proof. By (ii) of [13, Theorem 4.1] the map µ is an isomorphism of R-modules. So,
we only must check that µ is R ⋆α G-linear. For g ∈ G, r ∈ R, rg ∈ Dg and m ∈M
G we
have
µ((rgδg) ⊲ (r⊗Rαm)) = rgαg(r1g−1)m
= [rgαg(r1g−1)(1gδg)]m
= [(rgδg)(rδ1)]m
= (rgδg)[(rδ1)m]
= (rgδg)(rm)
= (rgδg)µ(r⊗Rαm),
as desired. 
We denote by Pic(Rα) the Picard group of Rα. For details on the Picard group of a
commutative ring the reader may consult [22] or [25].
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We recall the group homomorphism ϕ1 : H
1(G,α,R) → Pic(Rα) given in [17]. First
of all we have that
Z1(G,α,R) = {f ∈ C1(G,α,R) | f(gh)1g = f(g)αg(f(h)1g−1),∀g, h ∈ G}, and
B1(G,α,R) = {f ∈ C1(G,α,R) | f(g) = αg(a1g−1)a
−1, for some a ∈ U(R)}.
Let f ∈ Z1(G,α,R) and let θf ∈ EndRα(R ⋆α G) be given by θf (rgδg) = rgf(g)δg
for all rg ∈ Dg, g ∈ G. Then θf is an R
α-algebra homomorphism, and we define a
R ⋆α G-module Rf by Rf = R as sets and with the action of R ⋆α G induced by
(3) (rgδg) · r = θf (rgδg) ⊲ r, for any r ∈ R, g ∈ G.
We know from [17] that [RGf ] ∈ Pic(R
α) and the map
ϕ1 : H
1(G,α,R) ∋ cls(f)→ [RGf ] ∈ Pic(R
α)
is a well defined group homomorphism.
Theorem 3.2. The sequence 0→ H1(G,α,R)
ϕ1
→ Pic(Rα) is exact.
Proof. If ϕ1(cls(f)) = [R
G
f ] = [R
α], then by Lemma 3.1 there are R⋆αG-module iso-
morphisms Rf ∼= R⊗RαR
G
f
∼= R. By [17, Remark 2.8] f is normalized, i.e. f(1) = 1. Let
w ∈ HomR⋆αG(Rf , R) be an isomorphism. Since f(1) = 1 we have w ∈ HomRα(R,R)
∼=
R⋆αG, by Remark 2.2. Hence, there is an element W =
∑
g∈G
rgδg ∈ U(R⋆αG) such that
w(x) =Wx, for all x ∈ R. Recall that R⋆αG acts on Rf via V · r = θf (V )r, r ∈ R,V ∈
R ⋆α G. Then,
(VW )x = V (Wx) = V (w(x)) = w(V · x) = w(θf (V )x) = (Wθf (V ))x,
for all x ∈ Rf = R, where the third equality above holds because w ∈ HomR⋆αG(Rf , R).
Thus, Wθf (V ) = VW. In particular, if V = rδ1 = r, θf (V ) = r, and this gives∑
g∈G
rgαg(r1g−1)δg =
∑
g∈G
rrgδg. Consequently, j(rgδg)(r) = j(rgδ1)(r), for all g ∈ G,
where j is the isomorphism defined in (2). Therefore, rg = 0 if g 6= 1 and W = r1δ1 ∈
U(R). Now, taking V = 1hδh we get θf (V ) = f(h)δh and
f(h)δh = (r
−1
1 δ1)(1hδh)(r1δ1) = αh(r11h−1)r
−1
1 δh,
which implies f ∈ B1(G,α,R). 
Let κ be a commutative ring and Λ be a commutative κ-algebra with identity. We
recall from [17] the following.
Definition 3.3. A non-necessarily central Λ-Λ-bimodule P is called κ-partially invert-
ible if P is a central κ-bimodule and as a Λ-Λ-bimodule P satisfies the following two
properties.
• P is left and right f.g.p. Λ-module,
• Λop ∋ λ 7→ rλ ∈ End(ΛP ), rλ(p) = pλ and Λ ∋ λ 7→ lλ ∈ End(PΛ), lλ(p) = λp,
are k-algebra epimorphisms.
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Let [P ] = {M |M is a Λ-Λ-bimodule and M ∼= P as Λ-Λ-bimodules}. We denote by
PicSκ(Λ) the set of classes [P ] of partially invertible Λ-Λ-bimodules with composition
[P ][Q] = [P⊗ΛQ]. If κ = Λ, we set PicS(Λ) = PicSΛ(Λ).
The following result is [17, Proposition 3.5]. Since the proof presented there has
several misprints, we give it below for reader’s convenience.
Proposition 3.4. The product [P ][Q] = [P⊗ΛQ] endows PicSκ(Λ) with the structure
of a semigroup.
Proof. We shall show that [P⊗ΛQ] ∈ PicSk(Λ), for any [P ], [Q] ∈ PicSκ(Λ). Notice
that P⊗ΛQ is a left f.g.p. Λ-module. Indeed, there are free f.g. left Λ-modules F1, F2
and left Λ-modules M1,M2 such that P ⊕M1 = F1, Q⊕M2 = F2. Now consider M1 and
F1 as central Λ-Λ-bimodules, then by tensoring the two previous equalities we see that
there exists a left Λ-module M such that (P⊗ΛQ) ⊕M ∼= F1⊗ΛF2 as left Λ-modules,
and the assertion follows. In a similar way, one can show that P⊗ΛQ is a right f.g.p.
Λ-module.
By assumption there are κ-algebra epimorphisms r1 : Λ → End(ΛP ) and r
2 : Λ →
End(ΛQ), given by right multiplications. It follows, using the third item of Lemma 2.1,
that
r1⊗r2 : Λ⊗ΛΛ→ End(ΛP )⊗ΛEnd(ΛQ) ∼= EndΛ(P⊗ΛQ)
is a κ-algebra epimorphism. Since Λ ∋ λ 7→ 1Λ⊗Λλ ∈ Λ⊗ΛΛ is a κ-algebra isomorphism,
we conclude that Λ ∋ λ 7→ r11Λ⊗r
2
λ ∈ EndΛ(P⊗ΛQ) is a κ-algebra epimorphism. Now for
any p⊗Λq ∈ P⊗ΛQ, we have that r
1
1Λ
⊗r2λ(p⊗Λq) = p⊗Λqλ, and the assertion follows. In
an analogous way we obtain that the left multiplication is a κ-algebra epimorphism. 
Definition 3.5. [17, Definition 3.1] We say that a f.g.p. central R-R-bimodule P has
rank less than or equal to one, if for any p ∈ Spec(R) one has Pp = 0 or Pp ∼= Rp as
Rp-modules. In this case we write rkR(P ) ≤ 1.
We remind a characterization of PicS(R).
Proposition 3.6. For any commutative ring R we have
• [17, Definition 3.1, Remark 3.4]
PicS(R) = {[E] |E is a f.g.p. R-module and rk(E) ≤ 1}.
• [17, Proposition 3.8, arXiv version].
The set PicS(R), with binary operation induced by the tensor product, is a
commutative inverse monoid with 0. Moreover, the inverse [E]∗ of [E] is [E∗],
where E∗ = homR(E,R) is the dual of E.
• [17, Formula (3.1)]
PicS(R) ∼=
⋃
e∈Ip(R)
Pic(Re),
where Ip(R) denotes the semilattice of the idempotents of R with respect to the
product.
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We recall also the next.
Lemma 3.7. [17, Lemma 3.12, arXiv version] Let g ∈ G and [M ] ∈ PicS(R). If 1gm =
m, for all m ∈ M and Mp ∼= (Dg)p as Rp-modules, for all p ∈ Spec(R), then [M ] ∈
Pic(Dg).
For the sequel, we proceed by recalling a partial action of G on PicS(R) given in [17].
Let α = (Dg, αg)g∈G be a partial action of G on R. Then, for any y ∈ R we have
(4) αg(αh(y1h−1)1g−1) = αgh(y1(gh)−1)1g, for all g, h ∈ G.
For any Dg−1-module E, we denote by Eg the R-module E via the action
(5) r • x = αg−1(r1g)x,
for any r ∈ R, x ∈ E.
Lemma 3.8. We have the following.
• [17, Lemma 3.6, vi)] For any [M ] ∈ Pic(Dg−1), [Mg] ∈ Pic(Dg).
• [17, Lemma 3.7] Xg = [Dg]PicS(R) = {[E] ∈ PicS(R) |E = 1gE}.
• [17, Theorem 3.8] The family α∗ = (Xg, α
∗
g)g∈G, where
α∗g : Xg−1 ∋ [E] 7→ [Eg] ∈ Xg,
gives a partial action of G on the inverse semigroup PicS(R).Moreover, U(Xg) =
Pic(Dg).
• [17, Proposition 4.5, arXiv version]
PicS(R)α
∗
= {[E] ∈ PicS(R) | (E⊗Dg−1)g ∼= E⊗Dg, for all g ∈ G}
has a 0 and is a commutative inverse submonoid of PicS(R). Moreover,
(6) [(E∗)g] = [Eg]
∗ = [(Eg)
∗],
for any g ∈ G.
Proposition 3.9. [17, Proposition 4.2] The map
ϕ2 : Pic(R
α) ∋ [E] 7→ [R⊗RαE] ∈ PicS(R)
α∗ ∩Pic(R),
is a group homomorphism.
Theorem 3.10. The sequence H1(G,α,R)
ϕ1
→ Pic(Rα)
ϕ2
→ PicS(R)α
∗
∩Pic(R) is exact.
Proof. Let f ∈ Z1(G,α,R). Then ϕ2ϕ1(cls(f)) = [R⊗RαR
G
f ] and R⊗RαR
G
f
∼=
Rf , the latter being the isomorphism of R ⋆α G-modules given by Lemma 3.1. Thus,
R⊗RαR
G
f
∼= R as R-modules, and imϕ1 ⊆ kerϕ2.
Let [M ] ∈ Pic(Rα) and assume [M ] ∈ kerϕ2. Then, there is an R-module isomorphism
ξ : R⊗RαM → R. Observe that ξ(Dg⊗RαM) = 1gξ(R⊗RαM) = 1gR = Dg. Since R is an
R ⋆α G-module, with action ⊲ defined in Lemma 3.1, R⊗RαM is also an R ⋆α G-module
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by letting R⋆αG act on R. We identify R⋆αG with EndRα(R) via (2) and define a map
θ ∈ EndRα(R ⋆α G) by
(7) θ(W )(x) = ξ(W ⊲ ξ−1(x)), for all W ∈ R ⋆α G and x ∈ R.
Notice that θ is an Rα-algebra homomorphism and θ(r)(x) = rx for all r, x ∈ R.
Let f : G ∋ g 7→ θ(1gδg)(1) ∈ R, where θ(1gδg) is viewed as an element of EndRα(R).
We shall prove that f ∈ Z1(G,α,R).
First of all, since 1gδg ⊲ ξ
−1(1) ∈ Dg⊗RαM we see that f(g) ∈ Dg, for all g ∈ G. On
the other hand,
θ(1gδg)(r) = ξ(1gδg ⊲ ξ
−1(r)) = ξ(αg(r1g−1)δg ⊲ ξ
−1(1)) = αg(r1g−1)ξ(1gδg ⊲ ξ
−1(1)),
and so
(8) θ(1gδg)(r) = αg(r1g−1)f(g), for each g ∈ G and r ∈ R.
In particular, for rg = θ(1g−1δg−1)(1g), we have
αg(rg1g−1)f(g) = θ(1gδg)(θ(1g−1δg−1)(1g))
= [θ(1gδg)θ(1g−1δg−1)](1g)
= θ(1gδ1)(1g)
= 1g,
ensuring that f(g) ∈ U(Dg), for all g ∈ G. Thus, f ∈ C
1(G,α,R).
Now we show that f satisfies the (1, α)-cocycle identity. By (8) we have θ(1gδg)(r) =
(f(g)δg)(r), for any r ∈ R. Then, θ(1gδg) = f(g)δg as maps defined on R, and
f(g)αg(f(h)1g−1)δgh = (f(g)δg)(f(h)δh) = θ(1gδg)θ(1hδh) = 1gθ(1ghδgh) = 1gf(gh)δgh,
showing that f ∈ Z1(G,α,R). To end the proof we must show that there is an Rα-
module isomorphism from M to RGf . Consider the map ξ
−1 : Rf → R⊗RαM, then for
each z ∈ Rf we have
ξ−1((rgδg) · z)
(3)
= ξ−1(rgαg(z1g−1)f(g))
(8)
= ξ−1(θ(rgδg)(z))
(7)
= (rgδg) ⊲ ξ
−1(z).
Hence, there are isomorphisms of R ⋆α G-modules R⊗RαR
G
f
∼= Rf ∼= R⊗RαM, which
leads to RGf
∼= M as Rα-modules, thanks to the second item of Lemma 2.1. Therefore,
[M ] = ϕ1(cls(f)). 
We recall from [17] the homomorphism ϕ3 : PicS(R)
α∗ ∩Pic(R)→ H2(G,α,R). First
of all we have that B2(G,α,R) is the group{
w ∈ C2(G,α,R) | ∃f ∈ C1(G,α,R),with w(g, h) = αg(f(h)1g−1)f(g)f(gh)
−1
}
.
and Z2(G,α,R) is
{w ∈ C2(G,α,R) | αg(w(h, l)1g−1) w(g, hl) = w(gh, l)w(g, h), ∀g, h, l ∈ G}.
Now, let [E] be an element of PicS(R)α
∗
∩Pic(R). Then, there is a family of R-module
isomorphisms
(9) {ψg : EDg → (EDg−1)g}g∈G, with ψg(rx) = αg−1(r1g)ψg(x),
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for all r ∈ R,x ∈ EDg, g ∈ G,
1 and the maps, ψ−1g : (EDg−1)g → EDg, g ∈ G, satisfy
(10) ψ−1g (rx) = αg(r1g−1)ψ
−1
g (x), for all g ∈ G , r ∈ R, x = xg−1 ∈ EDg−1 .
Hence, ψ(gh)−1ψ
−1
h−1
ψ−1
g−1
: EDgDgh → EDgDgh belongs to U(EndDgDgh(EDgDgh)).
Since [E] ∈ Pic(R), it follows that [EDgDgh] ∈ Pic(DgDgh), and consequently we have
EndDgDgh(EDgDgh)
∼= DgDgh. Therefore, there exists ωg,h ∈ U(DgDgh) such that
ψ(gh)−1ψ
−1
h−1
ψ−1
g−1
(x) = ωg,hx, for all x ∈ EDgDgh.
Summarizing, for an element [E] ∈ PicS(R)α
∗
∩ Pic(R) we have found a map ω[E] =
ω : G × G ∋ (g, h) 7→ ωg,h ∈ U(DgDgh) ⊆ R. Moreover, ω ∈ Z
2(G,α,R) and by [17,
Claim 4.3] cls(ω) does not depend on the choice of the family of isomorphisms given by
(9).
Proposition 3.11. [17, Claim 4.4] ϕ3 :PicS(R)
α∗∩Pic(R) ∋ [E] 7→ cls(ω)∈H2(G,α,R)
is a group homomorphism.
We need the following.
Lemma 3.12. Let [E] ∈ PicS(R)α
∗
and {ψg : EDg → (EDg−1)g}g∈G be a family of
R-module isomorphisms with ψ1 = idE . Suppose that cg are fixed elements in Dg, g ∈ G,
with c1 = 1. Then the action
∑
g∈G
agδg

x =∑
g∈G
agcgψg−1(x1g−1)
endows the R-module E with an R ⋆α,ω G-module structure, provided that
(11) ωg,hcghψ(gh)−1(x) = cgαg(ch1g−1)ψg−1ψh−1(x)
holds for all g, h ∈ G and x ∈ EDh−1D(gh)−1 .
Proof. Since ψ1 = idE and the action is linear we only need to check the equality
[(agδg)(ahδh)]x = (agδg)[(ahδh)x] for all g, h ∈ G and x ∈ E. From (10) we obtain that
(12) ψg−1(ψh−1(x1h−1)1g−1) = ψg−1(ψh−1(x1(gh)−11h−1)) for all g, h ∈ G,x ∈ E.
Then
[(agδg)(ahδh)]x = agαg(ah1g−1)ωg,hcghψ(gh)−1(x1(gh)−1)
= agαg(ah1g−1)ωg,h1g1ghcghψ(gh)−1(x1(gh)−1)
= agαg(ah1g−1)ωg,hcghψ(gh)−1(x1(gh)−1)αgh(1h−11(gh)−1)
= agαg(ah1g−1)ωg,hcghψ(gh)−1(x1(gh)−11h−1).
1 Since E⊗Dg ∋ x⊗d 7→ xd ∈ EDg is a R-module isomorphism, we identify E⊗Dg with EDg, for
any g ∈ G.
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On the other hand
(agδg)[(ahδh)x] = (agδg)(ahchψh−1(x1h−1))
= agcgψg−1(ahchψh−1(x1h−1)1g−1)
= agcgαg(ahch1g−1)ψg−1(ψh−1(x1h−1)1g−1)
(12)
= agαg(ah1g−1)cgαg(ch1g−1)ψg−1ψh−1(x1(gh)−11h−1).
Using (11) the Lemma follows. 
Theorem 3.13. The sequence Pic(Rα)
ϕ2
→ PicS(R)α
∗
∩Pic(R)
ϕ3
→ H2(G,α,R) is exact.
Proof. If [E] ∈ Pic(Rα), then ϕ2([E]) = [R⊗RαE] by the definition of ϕ2. There are
isomorphisms (R⊗RαE)⊗Dg ∼= Dg⊗RαE and ((R⊗RαE)⊗Dg−1)g ∼= (Dg−1⊗RαE)g, of
R-modules. Notice that Dg⊗RαE ∼= (Dg−1⊗RαE)g as R-modules via the map d⊗Rαx
ψg
7→
αg−1(d)⊗Rα , where x, d ∈ Dg, x ∈ E, g ∈ G. Then ψ(gh)−1ψ
−1
h−1
ψ−1
g−1
(dx) = 1g1gh(dx),
for all d ∈ DgDgh and any x ∈ E, g, h ∈ G. Therefore imϕ2 ⊆ kerϕ3.
Let [V ] ∈ kerϕ3. Then ϕ3([V ]) = cls(ω), with ω ∈ B
2(G,α,R). There are R-module
isomorphisms ψg : V Dg → (V Dg−1)g and a map u : G ∋ g → ug ∈ U(Dg) ⊆ R such that
ψ(gh)−1ψ
−1
h−1
ψ−1
g−1
(x) = ωg,hx = ugαg(uh1g−1)u
−1
gh x, x ∈ V DgDgh, g, h ∈ G.
Since cls(ω) does not depend on the choice of the isomorphisms, we can choose ψ1 = idV .
Lemma 3.12 and (9) imply that we can view V as an R ⋆α G-module via the action
(agδg)x = agugψg−1(x1g−1),
for all ag ∈ Dg, x ∈ V and g ∈ G. By Lemma 3.1 there is an R⋆αG-module isomorphism
V ∼= R⊗RαV
G. Notice that V is a f.g.p. Rα-module, therefore by the first item of Lemma
2.1, V G is a f.g.p. Rα-module. Hence, it only remains to prove that [V G] ∈ Pic(Rα),
in order to show that V ∈ imϕ2. Let p ∈ Spec(R
α). The fact that R is a f.g.p. Rα-
module and [26, Proposition 20.6] imply that Rp is a semi-local ring, and, consequently
Pic(Rp) = 0 (see [25, Example 2.22 (D)]) which leads to Vp ∼= Rp as Rp-modules. Thus,
Rp⊗(Rα)p(R
α)p ∼= Rp ∼= Vp ∼= Rp⊗(Rα)p(V
G)p as (R
α)p-modules. The required follows
now from the the second item of Lemma 2.1. 
4. The homomorphism ϕ4 and exactness at H
2(G,α,R)
Proposition 4.1. [17, Theorem 5.7] The map ϕ4 : H
2(G,α,R) ∋ cls(ω) 7→ [R ⋆α,ω G] ∈
B(R/Rα) is a group homomorphism.
Theorem 4.2. The sequence PicS(R)α
∗
∩Pic(R)
ϕ3
→ H2(G,α,R)
ϕ4
→ B(R/Rα) is exact.
Proof. Let [E] be an element of PicS(R)α
∗
∩ Pic(R) and write ϕ3([E]) = cls(ω).
Let {ψg : EDg → (EDg−1)g | g ∈ G}, (where ψ1 = idE) be a family of R-module
isomorphisms determining ω. That is, ωg,hx = ψ(gh)−1ψ
−1
h−1
ψ−1
g−1
x, for all g, h ∈ G and
all x ∈ EDgDgh. Then, it is immediate to see that (11), with cg = 1g and ω replaced
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by ω−1, is satisfied, and by Lemma 3.12 we may consider E as an R ⋆α,ω−1 G-module,
where the action of R ⋆α,ω−1 G on E is induced by
(agδg)x = agψg−1(x1g−1), x ∈ E, g ∈ G, ag ∈ Dg.
(Notice that with this new action the structure of E as an R-module does not change.)
Hence, there is an Rα-algebra homomorphism ζ : R ⋆α,ω−1 G → EndRα(E), ζ(W )(x) =
Wx, for all W ∈ R ⋆α,ω−1 G and x ∈ E. We shall prove that ζ is an isomorphism. Set
C = CEndRα(E)(R ⋆α,ω−1 G). By [7, Theorem 2.4.3] there is an R
α-algebra isomorphism
(13) R ⋆α,ω−1 G ⊗RαC ∼= EndRα(E),
given by multiplication. Since R ⋆α,ω−1 G and EndRα(E) are f.g.p. R
α-modules and
(R ⋆α,ω−1 G)p 6= 0 for all p ∈ Spec(R
α), the first item of Lemma 2.1 and (13) imply
that C is a f.g.p. Rα-module. Now, for any p ∈ Spec(Rα), the ring Rp is semilocal and
Ep ∼= Rp as Rp-modules, because [E] ∈ Pic(R). Thus, as R
α
p -modules EndRα(E)p
∼=
EndRα(R)p ∼= (R ⋆α,ω−1 G)p, where the latter isomorphism is jp induced by (2). Then,
there exists np ∈ N such that EndRα(E)p ∼= (R ⋆α,ω−1 G)p ∼= (R
α)
np
p , and we conclude
from (13) that rkRα(C) = 1. Then there exists up ∈ Cp such that Cp = (R
α)pup and
localizing (13) we have
EndRα(E)p = (R ⋆α,ω−1 G)pCp = (R ⋆α,ω−1 G)p(R
α)pup = (R ⋆α,ω−1 G)pup,
from which we see that up is a unit in EndRα(E)p and EndRα(E)p = (R⋆α,ω−1G)p. Since
p is arbitrary and EndRα(E) ⊇ R ⋆α,ω−1 G, then EndRα(E) = R ⋆α,ω−1 G. Furthermore,
E is a faithfully projective Rα-module and we get [R ⋆α,ω−1 G] = [EndRα(E)] = [R
α].
Then cls(ω−1) ∈ kerϕ4, and, consequently cls(ω) ∈ kerϕ4. Hence imϕ3 ⊆ kerϕ4.
To prove the converse inclusion take cls(ω) ∈ kerϕ4. Then cls(ω
−1) ∈ kerϕ4 and thus
[R ⋆α,ω−1 G] = [R
α]. By [1, Prop. 5.3] there exists a faithfully projective Rα-module V
and a Rα-algebra isomorphism Υ: R ⋆α,ω−1 G → EndRα(V ), and we may view V as a
(faithful) R ⋆α,ω−1 G-module (and, consequently, as a faithful and central R-bimodule)
via W ⋄ v = Υ(W )(v).
Recall that R is a maximal commutative Rα-subalgebra in R⋆α,ω−1G (see [27, Lemma
2.1 vi), Prop. 3.2]). We may consider a copy of R in EndRα(V ) via the identification
R = Υ(Rδ1). Then EndRα(V ) is an Azumaya R
α-algebra and R = Υ(Rδ1) is a maximal
commutative Rα-subalgebra of EndRα(V ). Since R ⊇ R
α is separable, [1, Theorem 5.6]
implies that EndRα(V ) is f.g.p. R-module. Moreover, by [2, Theorem 2] V is a right
f.g.p. EndRα(V )-module, and we see that V is a f.g.p. R-module. Furthermore, since
EndR(V ) = CEndRα(V )(R) = CR⋆α,ω−1G(R) = R, we conclude that [V ] ∈ Pic(R).
We show that [V ] is an element of PicS(R)α
∗
. First notice that the map
V ×Dg ∋ (v, d) 7→ (1g−1δg−1⋄v)⊗αg−1(d) ∈ (V⊗Dg−1)g, g ∈ G
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is R-balanced. Indeed,
(v⋄r, d) 7→ (1g−1δg−1)⋄(v⋄r)⊗αg−1(d)
= ((1g−1δg−1)(rδ1))⋄v⊗αg−1(d)
= αg−1(r1g)δg−1⋄v⊗αg−1(d)
= ((αg−1(r1g)δ1)(1g−1δg−1))⋄v)⊗αg−1(d)
= αg−1(r1g)δ1⋄(1g−1δg−1⋄v)⊗αg−1(d)
= (1g−1δg−1⋄v)⋄(αg−1(r1g)δ1)⊗αg−1(d)
= (1g−1δg−1⋄v)⊗αg−1(rd),
and hence we obtain a well defined map ψg : V ⊗Dg → (V⊗Dg−1)g such that
ψg(v⊗d) = (1g−1δg−1)⋄v⊗αg−1(d), for all v ∈ V, d ∈ Dg.
Now given r ∈ R, we have as above
ψg(r⋄(v⊗d)) = ψg((r⋄v)⊗d)
= [(1g−1δg−1)⋄(r⋄v)]⊗αg−1(d)
= [(αg−1(r1g)δg−1)⋄v]⊗αg−1(d)
= [(αg−1(r1g)δ1)⋄((1g−1δg−1)⋄v)]⊗αg−1(d)
= αg−1(r1g)⋄ψg(v⊗d),
and ψg isR-linear. Analogously the map λg : (V⊗Dg−1)g → V⊗Dg, satisfying λg(v⊗d) =
(ωg,g−1δg)⋄v⊗Rαg(d), for all v ∈ V, d ∈ Dg−1 is well defined and using that αg−1(ωg,g−1) =
ωg−1,g we obtain
(ψg ◦ λg)(v⊗d) = ((1g−1δg−1)(ωg,g−1δg))⋄v⊗d = (1g−1δ1⋄v)⊗d = v⊗1g−1d = v⊗d,
where the last equality follows because d ∈ Dg−1 . Hence ψg ◦ λg = id(V⊗D
g−1
)g , and
analogously λg ◦ψg = idV⊗Dg . Therefore ψg is a R-module isomorphism for which ψ
−1
g =
λg and, consequently, [V ] ∈ PicS(R)
α∗ . Finally, for g, h ∈ G, v ∈ V and d ∈ DgDgh we
see that
ψ(gh)−1ψ
−1
h−1
ψ−1
g−1
(v⊗d) = [(1ghδgh)(ωh−1,hδh−1)(ωg−1,gδg−1)]⋄v⊗Rd
= [(αgh(ωh−1,h1(gh)−1)ω
−1
gh,h−1
δg)(ωg−1,gδg−1)]⋄v⊗d
(v)
= [(ωg,hδg)(ωg−1,gδg−1)⋄v]⊗d
= [(ωg,hαg(ωg−1,g)ω
−1
g,g−1
δ1)⋄v]⊗d
(1)
= [(ωg,hδ1)⋄v]⊗d.
This yields that ψ3([V ]) = cls(ω) and imϕ3 ⊇ kerϕ4. 
5. The homomorphisms ϕ5 and exactness at the Brauer group
We proceed by recalling the construction of the group homomorphism ϕ5 : B(R/R
α)→
H1(G,α∗,PicS(R)) (see [17, Section 5.1] for details). Let α∗ = (α∗g,Xg)g∈G be the partial
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action of G on PicS(R) given in the third item of Lemma 3.8. Then B1(G,α∗,PicS(R))
is the group
{f ∈ C1(G,α∗,PicS(R)) | f(g) = α∗g([P ][Dg−1 ])[P
∗], for some [P ] ∈ Pic(R)}
and Z1(G,α∗,PicS(R)) is given by
{f ∈ C1(G,α∗,PicS(R)) | f(gh)[Dg ] = f(g)α
∗
g(f(h)[Dg−1 ]), ∀g, h ∈ G}.
Let f ∈ C1(G,α∗,PicS(R)), g ∈ G and p ∈ Spec(R). For simplicity of notation we
shall write f(g)p for the representative of the class f(g) localized at p.
Let [A] ∈ B(R/Rα). By [1, Theorem 5.7] we may assume that A contains R as a
maximal commutative subalgebra. Define the left R⊗RαA
op-module g(1g−1A) = 1g−1A
via
(14) (r⊗Rαa) • ag = αg−1(r1g)aga.
It follows from (14) that g(1g−1A) is an object in the category R⊗RαAop Mod and there
is a unique central Dg-module M
(g) such that
(15) g(1g−1A) ∼=M
(g)⊗A, as (R⊗RαA
op)-modules,
where M (g) is considered as an R-module via the map r 7→ r1g, and M
(g)⊗A is an
(R⊗RαA
op)-module by means of
(r⊗Rαa)(x⊗b) = rx⊗ba,
r ∈ R, a ∈ Aop, x ∈M (g), b ∈ A. Set
(16) fA : G ∋ g 7→ [M
(g)] ∈ PicS(R).
Proposition 5.1. [17, Theorem 5.9] The map
ϕ5 : B(R/R
α) ∋ [A] 7→ cls(fA) ∈ H
1(G,α∗,PicS(R))
is a group homomorphism.
Remark 5.2. In the proof of Proposition 5.1 the following was obtained. Let A1, A2
be two Rα-Azumaya algebras containing R as a maximal commutative subalgebra, and
let M
(g)
1 ,M
(g)
2 be two R-modules such that there are isomorphism g(1g−1A)
∼= M
(g)
1 ⊗A1,
g(1g−1A2) ∼=M
(g)
2 ⊗A2 as R⊗RαA
op
1 -modules and R⊗RαA
op
2 -modules respectively. If B =
A1⊗RαA2 and e is the separability idempotent of the ring extension R/R
α, then eBe is
an Rα-Azumaya algebra containing R as a maximal commutative subalgebra and there
is an R⊗Rα(eBe)
op-module isomorphism
(17) g(1g−1eBe) ∼= (M
(g)
1 ⊗M
(g)
2 )⊗eBe.
Moreover, [B] = [eBe] ∈ B(R/Rα).
By [17, Theorem 3.8] we have that [M (g)] ∈ Pic(Dg), for all g ∈ G. For further
reference, we shall construct M (g) explicitly.
We have the following.
A SEVEN-TERM EXACT SEQUENCE 15
Lemma 5.3. Let A be an Azumaya Rα-algebra containing R as a maximal commutative
subalgebra. Write
Cg = Cg(1g−1A)(R) = {c ∈ 1g−1A | αg−1(r1g)c = cr, r ∈ R},
for each g ∈ G. Then there is a left R⊗RαA
op-module isomorphism g(1g−1A) ∼= Cg⊗RA.
Proof. Since R/Rα is a partial Galois extension then by [13, Theorem 4.2] the
extension R/Rα is separable, moreover since A contains R as a maximal commutative
subalgebra we obtain from [22, Theorem 7.4.2] that A is a faithfully projective R-module
and by [22, Excercise 7.4.7 p. 258] that the functor
−⊗RA : ModR →R⊗RαAopMod,
determines an equivalence of categories, whose inverse is given by the functor
(−)R :(R⊗RαAop)Mod→ ModR,
where
NR = {x ∈ N | (r⊗Rα1)x = (1⊗Rαr)x, ∀ r ∈ R},
for each N in (R⊗RαAop)Mod. In particular, for any left R⊗RαA
op-module N there is a
left R⊗RαA
op-module isomorphism N ∼= NR⊗RA. Then taking N = g−1(1gA), we have
NR = Cg, and the desired isomorphism follows. 
Remark 5.4. It follows from Lemma 5.3 that for any [A] ∈ B(R/Rα) one has that
ϕ5([A]) = cls(f), where f(g) = [Cg] for any g ∈ G.
Now we give:
Lemma 5.5. Let R/Rα be a partial Galois extension. Then for an arbitrary [J ] ∈
Pic(R) there is an R⊗Rα(EndRα(J))
op-module isomorphism
g(1g−1EndRα(J)) ∼= g(1g−1J
∗)⊗J⊗(EndRα(J)),
where J∗ = HomR(J,R), and the R-module structure of g(1g−1J
∗) is given by (5).
Proof. Let g ∈ G, since [J∗] is the inverse of [J ] in Pic(R) ⊆ PicS(R) and [Dg−1 ] is
an idempotent in PicS(R) there are isomorphisms of R-modules
1g−1J
∗ ∼= Dg−1⊗J
∗ ∼= D∗g−1⊗J
∗ ∼= (Dg−1⊗J)
∗ ∼= (1g−1J)
∗,
and consequently, there is an R-module isomorphism g(1g−1J
∗)
(6)
∼= (g(1g−1J))
∗, where
(18) (g(1g−1J))
∗ = {η : 1g−1J → R | η(αg−1(r1g)x) = rη(x), ∀r ∈ R,x ∈ 1g−1J}.
Now set Cg = {ξ ∈ 1gEndRα(J) |αg(r1g−1)ξ(p) = ξ(rp), ∀p ∈ J, r ∈ R}.
Since EndRα(J) is an Azumaya R
α-algebra containing R as a maximal commuta-
tive Rα-algebra, then by Lemma 5.3 it is enough to show that there is an R-module
isomorphism
(g(1g−1J))
∗⊗J ∼= Cg.
For this purpose notice that for each η ∈ (g(1g−1J))
∗ and x ∈ J the map
ηx : J ∋ p 7→ η(1g−1p)x ∈ J,
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belongs to EndRα(J). For, given r ∈ R
α and p ∈ J we have that
ηx(rp) = η(r1g−1p)x = η(αg−1(r1g)p)x = rη(1g−1p)x = rηx(p).
Furthermore, 1gηx ∈ Cg, because,
αg(r1g−1)(1gηx(p)) = αg(r1g−1)η(1g−1p)x
(18)
= η[αg−1(αg(r1g−1))p]x
= η(1g−1rp)x
= (1gηx)(rp),
for each r ∈ R and p ∈ J. Since ηrx = rηx, for all r ∈ R and x ∈ J, we have an R-linear
map ϑ : (g(1g−1J))
∗ ⊗ J ∋ η⊗x 7→ 1gηx ∈ Cg, and we shall prove that ϑ is bijective.
ϑ is onto. Consider a dual basis {xi, ηi} for the projective R-module g(1g−1J), take
an arbitrary ξ ∈ Cg. Notice first that for any η ∈ (g(1g−1J))
∗ the map
η˜ : 1g−1J ∋ x 7→ αg−1(1gη(1g−1ξ(x))) ∈ R
is an element of (g(1g−1J))
∗ because for any r ∈ R and x ∈ 1gJ we have
η˜(αg−1(r1g)x)) = αg−1{1gη[1g−1ξ(αg−1(r1g)x)]}
ξ∈Cg
= αg−1 [η(r1g−1ξ(x))]
(18)
= αg−1(αg(r1g−1)η(1g−1ξ(x)))
= rαg−1(1gη(1g−1ξ(x)))
= rη˜(x).
Taking specifically the η˜i and x ∈ 1gJ we have
η˜ixi (x) = η˜i(x)xi = αg−1(1gηi(ξ(x)))xi = ηi(ξ(x)) • xi.
From this, using the fact that {xi, ηi} is a dual basis, we conclude that
∑
i
η˜ixi (x) =∑
i
ηi(ξ(x)) • xi = ξ(x). Thus, ϑ
(∑
i
xi⊗η˜i
)
= 1g
∑
i
(η˜i)xi = 1gξ = ξ, showing that ϑ is
surjective.
ϑ is injective. Let c =
∑
j
υj⊗zj ∈ kerϑ. Then 0 = 1g
∑
j
(υj)zj . Consequently, for
any p ∈ J we have
0 = 1g
∑
j
(υj)zj(p) =
∑
j
1gυj(1g−1p)zj =
∑
j
υj(1g−1p)zj =
∑
j
(υj)zj (p),
and
∑
j
(υj)zj = 0. Let {pl, ξl} be a dual R-basis for J. Then
c =
∑
j
zj⊗υj =
∑
j,l
ξl(zj)pl⊗υj =
∑
l
pl⊗
∑
j
ξl(zj)υj .
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Since for any x ∈ 1g−1J we have
∑
j
ξl(zj)υj

 (x) = ξl

∑
j
zjυj(x)

 = ξl

∑
j
(υj)zj (x)

 = 0,
and we conclude that c = 0 thus ϑ is injective. 
Lemma 5.6. Let A be an Azumaya Rα-algebra containing R as a maximal commutative
subalgebra. If there exists a R⊗RαA
op-module isomorphism g(1g−1A) ≃ 1gA, then A =
R ⋆α,ω G, for some ω ∈ H
2(G,α,R).
Proof. Let θg : g(1g−1A) → 1gA be an R⊗RαA
op-module isomorphism. Write
θg(1g−1) = ug. We shall construct an R
α-algebra B which is isomorphic to a crossed
product by a twisting of α. To this we establish first some properties of the family
{ug}g∈G. For r⊗Rαa ∈ R⊗RαA
op, we have
(r⊗Rαa) • 1g−1 = αg−1(r1g)a = (1⊗Rααg−1(r1g)a) • (1g−1).
Applying θg we get
(r⊗Rαa)ug = (1g⊗Rααg−1(r1g)a)ug,
or, ruga = ugαg−1(r1g)a In particular, letting a = 1 we get
(19) rug = ugαg−1(r1g), for any r ∈ R and g ∈ G.
It follows from (19) that
(20) ug = ug1g−1 for all g ∈ G.
Now, take ag ∈ 1g−1A, such that θg(ag) = 1g. Then, 1g = θg((1g⊗ag) • (1g−1)) =
(1g⊗ag)θg(1g−1) = ugag, and we conclude that
(21) 1g = ugag, for all g ∈ G.
Moreover, θg(agug) = (1g⊗ug)θg(ag) = ug, and since θg is injective we get
(22) 1g−1 = agug,
and follows from (19) that for each r ∈ R we have agrug = agugαg−1(r1g)
(22)
= αg−1(r1g),
which gives
agr1g
(21)
= (agrug)ag = αg−1(r1g)ag,
since ag ∈ 1g−1A we get
(23) agr = αg−1(r1g)ag,
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for all g ∈ G. Let wg,h = uguhagh, for all g, h ∈ R. Notice that wg,h ∈ R, because for
each r ∈ R
rwg,h = ruguhagh
(19)
= uguhαh−1(αg−1(r1g)1h)agh
= uguhα(gh)−1(r1gh)1h−1agh
(20)
= uguhα(gh)−1(r1gh)agh
(23)
= uguhaghr.
Now we check that wg,h ∈ DgDgh, indeed
wg,h1g1gh = 1guguhagh1gh
= uguhagh1gh
(23)
= uguh1(gh)−1agh
(20)
= uguh1h−11(gh)−1agh
= uguhαh−1(1g−11h)agh
(19)
= (ug1g−1)uhagh
(20)
= uguhagh.
In an analogous way one can show that rg,h = ughahag ∈ DgDgh. Thus, for any g, h ∈ G
we see that
wg,hrg,h = uguhaghughahag
= uguh1(gh)−1ahag
= uguhahag
= ug1hag
= ug1h1g−1ag
= ugαg−1(1gh1g)ag
= 1gh1gugag.
= 1gh1g.
Hence to prove that the family w = {wg,h}(g,h)∈G×G is a twisting for α we need to
check equality (v). For any g, h, l ∈ G we have
wg,hwgh,l = uguhaghughulaghl
(22)
= uguh1(gh)−1ulaghl = uguhulaghl,
and
αg(wh,l1g−1)wg,hl = αg(rh,l1g−1)uguhlaghl
(19)
= uguhulahluhlaghl
(22)
= uguhulaghl.
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Set B =
∑
g∈G
Bg ⊆ A, where Bg = Dgug, for any g ∈ G. Notice that by (19) we get
αg(r1g−1)ug = ugr, for all r ∈ R and g ∈ G, moreover wg,hug,h = uguh1(gh)−1 = uguh.
Then by (2) the map
̥ : R ⋆α,w G ∋
∑
g∈G
agδg →
∑
g∈G
agug ∈ B
is an Rα-algebra epimorphism. Since R ⋆α,w G is an Azumaya R
α-algebra, [7, Corollary
2.3.7] implies ker̥ = (ker̥∩Rα)(R ⋆α,w G). Moreover, the fact that u1 ∈ U(R), yields
that ̥ restricted to Rα is injective, and, consequently, ̥ is a ring monomorphism. This
yields that B =
⊕
g∈G
Bg ∼= R⋆α,rG as R
α-algebras, and we may assume that R⋆α,wG ⊆ A.
We check that CA(R ⋆α,w G) = R
α. From R ⊆ R ⋆α,r G, we obtain that
Rα ⊆ CA(R ⋆α,w G) ⊆ CA(R) = R.
Take x ∈ CA(R ⋆α,w G), then x ∈ R and for all g ∈ G we have x(1gδg) = (1gδg)x, or
equivalently x1g = αg(x1g−1), which gives x ∈ R
α, showing that CA(R ⋆α,w G) = R
α.
Since R ⋆α,w G is an Azumaya R
α-subalgebra of A, the double centralizer Theorem
(see [7, Theorem 2.4.3]) implies R ⋆α,w G = CA(CA(R ⋆α,w G)) = CA(R
α) = A. 
Theorem 5.7. The sequence H2(G,α,R)
ϕ4
→ B(R/Rα)
ϕ5
→ H1(G,α∗,PicS(R)) is exact.
Proof. Let cls(ω) ∈ H2(G,α,R) and ϕ5([R ⋆α,ω G]) = cls(f). We shall check that
f ∈ B1(G,α∗,PicS(R)) by proving that f(g) = [Dg], for any g ∈ G. For this we need to
show that g(Dg−1⊗R ⋆α,ω G) and Dg⊗R ⋆α,ω G are isomorphic as Dg⊗Rα(R ⋆α,ω G)
op-
modules.
Notice that the map
Dg−1 ×R ⋆α,ω G ∋
(
d,
∑
h∈G
ahδh
)
7→ 1g⊗
∑
h∈G
αg(dah)ωg,hδgh ∈ Dg⊗R ⋆α,ω G
is R-balanced, so that it induces a well defined map
νg : g(Dg−1⊗R ⋆α,ω G) ∋ d⊗
∑
h∈G
ahδh 7→ 1g⊗
∑
h∈G
αg(dah)ωg,hδgh ∈ Dg⊗R ⋆α,ω G.
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Now for dg⊗Rαalδl ∈ Dg⊗Rα(R⋆α,ωG)
op and d⊗
∑
h∈G ahδh ∈ g(Dg−1⊗R⋆α,ωG), we
have
(dg⊗alδl) •
(
d⊗
∑
h∈G
ahδh
)
= αg−1(dg)d⊗
∑
h∈G
ahαh(al1h−1)ωh,lδhl
νg
7→ 1g⊗
∑
h∈G
dgαg(dahαh(al1h−1)ωh,l)ωg,hlδghl
(4)
= dg⊗
∑
h∈G
αg(dah)αgh(al1(gh)−1)αg(ωh,l1g−1)ωg,hlδghl
= dg⊗
∑
h∈G
αg(dah)ωg,hαgh(al1(gh)−1)ωgh,lδghl
= dg
(
1g⊗
∑
h∈G
αg(dah)ωg,hδgh
)
(alδl)
= (dg⊗alδl)νg
(
d⊗
∑
h∈G
ahδh
)
,
and νg is Dg⊗Rα(R ⋆α,ω G)
op-linear. To prove that νg is injective consider the map
Dg⊗R ⋆α,ω G ∋ d
′⊗
∑
h∈G
ahδh
λg
7→ 1g−1⊗
∑
h∈G
αg−1(d
′ah ω
−1
g,h)δg−1h ∈ g(Dg−1⊗R ⋆α,ω G).
It is easy to see that λgνg = idg(Dg−1⊗R⋆α,ωG), and νg is injective.
For the surjectivity, consider dg⊗
∑
h∈G aghδgh = 1g⊗
∑
h∈G dgaghδgh ∈ Dg⊗R⋆α,ωG.
Then,
νg
(
αg−1(dg)⊗
∑
h∈G
αg−1(aghω
−1
g,h)δh
)
= 1g⊗
∑
h∈G
dgaghω
−1
g,hωg,hδgh = dg⊗
∑
h∈G
aghδgh.
and νg is surjective. Using (15) we get f(g) = [Dg], which implies ϕ([R⋆α,ω G]) = cls(1)
in H1(G,α∗,PicS(R)) and imϕ4 ⊆ kerϕ5.
Now we prove imϕ4 ⊇ kerϕ5. Let [A] ∈ kerϕ5 with R being a maximal commuta-
tive subalgebra of A. Then, f = fA ∈ B
1(G,α∗,PicS(R)), where fA is given by (16),
and there exists [P ] ∈ Pic(R) such that M (g) ∼= (1g−1P )g⊗P
∗ as R-modules. By the
construction of ϕ5, the latter implies that there is an R⊗RαA
op-module isomorphism
(24) g(1g−1A) ∼=g (1g−1P )⊗P
∗⊗A.
Since Dg is a direct summand of R, the map Pic(R) ∋ [Q] → [Dg⊗Q] ∈ Pic(Dg) is a
group epimorphism, for each g ∈ G. Consequently, [1g−1P ] = [Dg−1⊗P ] ∈ Pic(Dg−1)
and [g(1g−1P )] ∈ Pic(Dg) by the first item of Lemma 3.8. Using again the above
epimorphism, we see that there exists [J ] ∈ Pic(R) and a Dg-module isomorphism
g(1g−1P ) ∼= Dg⊗J
∗ ∼= 1gJ
∗.
Applying αg
∗ to both parts of the equality we obtain an R-module isomorphism
1g−1P ∼=g−1 (1gJ
∗), Moreover, (1g−1P
∗)g ∼= 1gJ, as R-modules, in view of (6). By
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Lemma 5.5 there exists a R⊗Rα(EndRα(J))
op-module isomorphism
g(1g−1EndRα(J)) ∼= g−1(1gJ
∗)⊗J⊗EndRα(J).
Since g(1g−1EndRα(J)) is a left unital Dg module, tensoring by Dg we obtain
g(1g−1EndRα(J)) ∼= Dg⊗ g−1(1gJ
∗)⊗J⊗EndRα(J)
∼= Dg⊗1g−1P⊗J⊗EndRα(J)
∼= 1g−1P⊗Dg⊗J⊗EndRα(J)
∼= 1g−1P⊗1gJ⊗EndRα(J)
∼= 1g−1P⊗ g(1g−1P
∗)⊗EndRα(J),
as R⊗1gRαEndRα(J)
op-modules. Let e be an idempotent of separability of R over Rα.
It follows from (17), (24) and the latter isomorphism, that taking ∆ = A⊗RαEndRα(J)
one has as R⊗Rα∆
op-modules that
g(1g−1e∆e) ∼={g(1g−1P )⊗P
∗}⊗{1g−1P⊗g(1g−1P
∗)}⊗e∆e
∼={g(1g−1P )⊗(P
∗⊗1g−1P )⊗g(1g−1P
∗)}⊗e∆e
∼={g(1g−1P )⊗Dg−1⊗g(1g−1P
∗)}⊗e∆e
∼={g(1g−1P )⊗g(1g−1P
∗)}⊗e∆e
∼=g(Dg−1)⊗e∆e
∼=Dg⊗e∆e.
Since [e∆e] = [∆] = [A] in B(Rα), replacing e∆e by A, we may suppose, without loss
of generality, that g(1g−1A) ∼= 1gA, as R⊗RαA
op-modules. By Lemma 5.6, we have that
A = R ⋆α,ω G, for some ω ∈ H
2(G,α,R). Then, ϕ4(cls(ω)) = [R ⋆α,ω G] = [A], and
[A] ∈ imϕ4. 
6. The homomorphism ϕ6 : H
1(G,α∗,PicS(R))→ H3(G,α,R)
We start by recalling from [17] the definition of the R-R-bimodule g(Dg−1)I , g ∈ G :
its underlying set is Dg−1 , endowed with the action ∗ given by
r ∗ d = αg−1(r1g)d, and d ∗ r = dr, for any r ∈ R, d ∈ Dg−1 .
Write for simplicity g(Dg−1) = g(Dg−1)I . Now we give from [12] the concept of a partial
representation.
Definition 6.1. A (unital) partial representation of G into an algebra (or, more gene-
rally, a monoid) S is a map Φ : G → S which satisfies the following properties, for all
g, h ∈ G,
(i) Φ(g−1)Φ(g)Φ(h) = Φ(g−1)Φ(gh),
(ii) Φ(g)Φ(h)Φ(h−1) = Φ(gh)Φ(h−1),
(iii) Φ(1G) = 1S .
We also recall two important for us partial representations of G.
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Proposition 6.2. Let Φ0 : G ∋ g 7→ [g(Dg−1)] ∈ PicSRα(R) and for any cocycle f ∈
Z1(G,α∗,PicS(R)), set Φf = fΦ0 : G → PicSRα(R), that is Φf (g) = f(g)Φ0(g), for
any g ∈ G. Then,
• [17, Proposition 6.2] Φ0 is a partial representation with Φ0(g)Φ0(g
−1) = [Dg].
• [17, Lemma 6.3] Φf is a partial representation of G, with Φf (g)Φf (g
−1) = [Dg].
Moreover, writing Φf (g) = [Jg], we have that Dg ∼= EndDg (Jg), as R- and Dg-
algebras, for any g ∈ G.
Remark 6.3. Let f be an element of Z1(G,α∗,PicS(R)) and Jg = f(g)⊗g(Dg−1). Then
• [17, Remark 6.5] For xg ∈ Jg and r ∈ R we have.
(25) αg(r1g−1)xg = xgr,
and if Dg is a semi-local ring, then for any g ∈ G, we see that there is ug ∈ Jg,
a Dg-basis of Jg with Jg = Dgug, and ugr = αg(r1g−1)ug, for all r ∈ R, g ∈ G.
• By [17, Lemma 6.7] the map Jg⊗Dh
κg,h
→ Dgh⊗Jg such that
ag⊗ bh 7→ αg(bh1g−1)⊗ag,
for any g, h ∈ G, is a R-R-bimodule isomorphism.
The construction of ϕ6. Take f ∈ Z
1(G,α∗,PicS(R)). By the second item of
Proposition 6.2 there exists a family of R-R-bimodule isomorphisms {fg,h : Jg⊗Jh →
Dg⊗Jgh}g,h∈G. Consider the following diagram
(26) Jg⊗Jh⊗Jl
fg,h⊗idl

idg⊗fh,l
// Jg⊗Dh⊗Jhl
κg,h⊗idhl
// Dgh⊗Jg⊗Jhl
idDgh⊗fg,hl
// Dgh⊗Dg⊗Jghl
τgh,g⊗idghl

Dg⊗Jgh⊗Jl
idg⊗fgh,l
// Dg⊗Dgh⊗Jghl
,
for any g, h, l ∈ G, where κg,h is given by the second item of Remark 6.3. Set ω˜(g, h, l) =
(idg⊗fgh,l) ◦ (fg,h⊗idl) ◦ (idg⊗fh,l)
−1 ◦ (κg,h⊗idhl)
−1 ◦ (idDgh⊗fg,hl)
−1 ◦ (τgh,g⊗idghl)
−1.
Then,
ω˜(g, h, l) ∈ U(EndDg⊗Dgh⊗Dghl(Dg⊗Dgh⊗Jghl)),
and there is a unique ω1(g, h, l) ∈ U(Dg⊗Dgh⊗Dghl) such that ω˜(g, h, l)(z) = ω1(g, h, l)z
for all z ∈ Dg⊗Dgh⊗Jghl. This implies that there is a unique element ωf (g, h, l) ∈
U(DgDghDghl) with
ω˜(g, h, l)z = ωf (g, h, l)z, g, h, l ∈ G, z ∈ Dg⊗Dgh⊗Jghl.
Proposition 6.4. [17, Theorem 6.9] The map H1(G,α∗,PicS(R)) ∋ cls(f)
ϕ6
→ cls(ωf ) ∈
H3(G,α,R) is a homomorphism of groups.
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7. Partial generalized crossed products and exactnesss at
H1(G,α∗,PicS(R))
Let f ∈ Z1(G,α∗,PicS(R)) and Φf = fΦ0. Put Φf (g) = [Jg], g ∈ G, and sup-
pose that the diagram (26) given by the family of R-R-bimodule isomorphisms F =
{fg,h : Jg⊗Jh → Dg⊗Jgh}g,h∈G commutes. Following [23] we call F a factor set of G
related to Φ = Φf . Consider the R-R-bimodule
∆ = ∆(F, α,R,Φ, G) =
⊕
g∈G
Jg.
Letmg,h : Dg⊗Jgh → DgJgh ⊆ Jgh, g, h ∈ G, be the multiplication map
2. The product of
elements in ∆ is defined by the formula xy = mg,h ◦ fg,h(x⊗y), for any x ∈ Jg, y ∈ Jh.
We call ∆(F, α,R,Φ, G) a partial generalized crossed product. Notice that for any
x ∈ Jg, y ∈ Jh, and fg,h(x⊗y) =
∑
dg⊗ugh we have xy =
∑
dgugh. From this we obtain
(27) fg,h(x⊗y) = 1g⊗
∑
dgugh = 1g⊗xy.
In particular, for any r ∈ R, r(xy) =
∑
rdgugh = mg,h ◦ fg,h(rx⊗y) = (rx)y, and
(xy)r = mg,h ◦ fg,h(x⊗yr) = x(yr). We conclude that
(28) r(xy) = (rx)y, and (xy)r = x(yr) for any g, h ∈ G, r ∈ R, x ∈ Jg and y ∈ Jh.
Proposition 7.1. The partial generalized crossed product ∆ = ∆(F, α,R,Φ, G) is an
associative Rα-algebra with identity element and J1 ∼= R as R-algebras.
Proof. Let x ∈ Jg, y ∈ Jh, z ∈ Jl. Then
1g⊗1gh⊗x(yz) = (τgh,g⊗ιghl)(1gh⊗1g⊗x(yz))
(27)
= (τgh,g⊗ιghl)(1gh⊗fg,hl(x⊗yz))
= (τgh,g⊗ιghl)(idDgh⊗fg,hl)(1gh⊗x⊗yz)
x∈Jg
= (τgh,g⊗ιghl)(idDgh⊗fg,hl)(1g1gh⊗x⊗yz)
= (τgh,g⊗ιghl)(idDgh⊗fg,hl)(κg,h⊗ιhl)(x⊗1h⊗yz)
(27)
= (τgh,g⊗ιghl)(idDgh⊗fg,hl)(κg,h⊗ιhl)(ιg⊗fh,l)(x⊗y⊗z)
(26)
= (idDg⊗fgh,l)(fg,h⊗ιl)(x⊗y⊗z)
= (idDg⊗fgh,l)(fg,h(x⊗y)⊗z)
(27)
= (idDg⊗fgh,l)(1g⊗xy⊗z)
= 1g⊗fgh,l(xy⊗z)
(27)
= 1g⊗1gh⊗(xy)z,
for any g, h ∈ G, which implies (1g1gh)[x(yz)] = (1g1gh)[(xy)z]. Furthermore, since
x ∈ Jg and y ∈ Jh, using (28) we have
2Notice that if g = 1 or h = 1 then mg,h is an R-R-bimodule isomorphism.
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(1g1gh)[x(yz)] = (1ghx)(yz)
(25)
= (x1h)(yz)
= (mg,hl ◦ fg,hl)(x1h⊗yz)
= mg,hl ◦ fg,hl(x⊗yz)
= x(yz).
Moreover, since xy ∈ Jgh, we get
(1g1gh)[(xy)z]
(28)
= [(1g1gh)(xy)]z
= [(1g(xy)]z
(28)
= [(1gx)y]z
= (xy)z,
and ∆ is associative.
Now we will check that J1 ∼= R as R-algebras. For x, y ∈ J1, xy = m1,1f1,1(x⊗y) ∈ J1,
and J1 is closed by products. Moreover, [J1] = Φ(1) = [R], and J1 ∼= R as R-R-
bimodules. Let φ : R → J1 be an R-R-bimodule isomorphism. Denoting u = φ(1) we
have J1 = φ(R) = Ru = uR, and it follows from (25) that ur = ru, for any r ∈ R.
Since m1,1 ◦ f1,1 is a R-R-bimodule isomorphism, u⊗u is a basis of J1⊗J1 and then
there exists c ∈ U(R) such that m1,1 ◦ f1,1(u⊗u) = cu. If we set e = c
−1u ∈ J1, then
J1 = eR, ee = m1,1 ◦ f1,1(c
−1u⊗c−1u) = e and the map R ∋ r 7→ re ∈ J1 is a R-module
isomorphism.
The element e is the identity of ∆. Indeed, let x ∈ Jl, l ∈ G. Sincem1,l◦f1,l : J1⊗Jl ∼= Jl
is a R-R-bimodule isomorphism, there exists
∑
i
rie⊗yi ∈ J1⊗Jl, such that x = m1,l ◦
f1,l(
∑
i
rie⊗yi). Writing y =
∑
i
riyi ∈ Jl we have that
∑
i
rie⊗yi = e⊗y and x = m1,l ◦
f1,l(e⊗y) = ey. Analogously using the R-R-bimodule isomorphism ml,1◦fl,1 : Jl⊗J1 ∼= Jl
we see that there exists y′ ∈ Jl such that x = y
′e. Then ex = e(ey) = (ee)y = ey = x
and xe = (y′e)e = y′e = x.
Therefore, ∆ is an Rα-algebra with 1∆ = e, and the map R ∋ r 7→ re ∈ J1 is
multiplicative, which yields that J1 ∼= R as R-algebras. 
Example 7.2. Suppose that f(g) = [Dg] for all g ∈ G. Then ∆(F, α,R,Φ, G) is a
partial crossed product with respect to a twisting of α. Indeed, as in Remark 6.3 we have
Jg = Dgug, where ugr = αg(r1g−1)ug, and ug is a free Dg-basis of Jg for all g ∈ G.
Write fg,h(ug⊗uh) = ωg,h⊗ugh ∈ DgDgh⊗ugh = Dg⊗Dghugh. Then, ωg,h ∈ U(DgDgh).
In fact, since fg,h is an isomorphism of R-R-bimodules, there exists x =
∑
i a
i
gug⊗b
i
huh ∈
Dgug⊗Dhuh with fg,h(x) = 1g1gh⊗ugh. Then,
x =
∑
i
aigugbh⊗uh
(25)
=
∑
i
aigαg(b
i
h1g−1)ug⊗uh = xg,hug⊗uh,
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where xg,h =
∑
i a
i
gαg(b
i
h1g−1) ∈ DgDgh. Consequently,
1g1gh⊗ugh = fg,h(x) = xg,hfg,h(ug⊗uh) = xg,hωg,h⊗ugh,
which gives xg,hωg,hugh = 1g1ghugh. Since ugh is a free generator of Jgh over Dgh, we
conclude that xg,hωg,h = 1g1gh, which shows that ωg,h ∈ U(DgDgh).
Notice that
uguh = mg,h ◦ fg,h(ug⊗uh) = ωg,hugh.
Since (uguh)ul = ug(uhul), for any g, h, l ∈ G, it follows that the map ω : G × G ∋
(g, h) → ωg,h ∈ R belongs to Z
2(G,α,R). We conclude by (25) that ∆ ∼=
⊕
g∈G
Dgug =
R ⋆α,ω G as R-R-bimodules and R
α-algebras.
By Proposition 7.1 one may identify R ∼= J1 ⊆ ∆. In particular, 1R = 1∆. This will
be assumed in all what follows.
Our next result states that every partial generalized crossed product is an Azumaya
Rα-algebra which is split by R.
Proposition 7.3. Let f ∈ Z1(G,α∗,PicS(R)), Φ = fΦ0 and F a factor set of G related
to Φ. Then the partial generalized crossed product ∆ = ∆(F, α,R,Φ, G) is an Azumaya
Rα-algebra containing R as a maximal commutative subalgebra.
Proof. For h ∈ G, we see that
(29) Jh = {z ∈ ∆ | zr = αh(r1h−1)z, for all r ∈ R}.
Indeed, fix h ∈ G. Then, for any z =
∑
g∈G
zg ∈ ∆, satisfying zr = αh(r1h−1)z for all
r ∈ R, we have∑
g∈G
αh(r1h−1)zg = αh(r1h−1)z = zr =
∑
g∈G
zgr =
∑
g∈G
αg(r1g−1)zg,
and
(30) αh(r1h−1)zg = αg(r1g−1)zg,
for all r ∈ R, g ∈ G. In particular, for rh = αh−1(r1h) we obtain
(r1h)zg = αh(rh)zg = αg(rh1g−1)zg
(4)
= αgh−1(r1hg−1)1gzg = αgh−1(r1hg−1)zg,
for any g ∈ G and any r ∈ R. Since R/Rα is a partial Galois extension, there exists a
family {xi, yi | 1 ≤ i ≤ m} ⊆ R, such that
m∑
i=1
xiαgh−1(yi1hg−1) = δ1,gh−1 , for any g ∈ G.
Thus for g 6= h,
1hzg =
m∑
i=1
xiyi(1hzg) =
m∑
i=1
xi[(yi1h)zg] =
m∑
i=1
xiαgh−1(yi1hg−1)zg = 0,
and 1hzg = 0. From this we get
zg = 1gzg = αg(1R1g−1)zg
(30)
= αh(1R1h−1)zg = 1hzg = 0.
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Therefore z = zh ∈ Jh and using (25) we obtain (29). In particular, if z ∈ C∆(R) we
have zr = rz for any r ∈ R, then z ∈ J1 = R. Thus C∆(R) = R.
Now we prove that Rα = C(∆). We have Rα ⊆ C(∆) = C∆(∆) ⊆ C∆(R) = R.
Let r ∈ C(∆). Then for x ∈ Jg we have rx = xr = αg(r1g−1)x, which implies r1gx =
1g(rx) = αg(r1g−1)x. Notice that Dg ∼= EndDg(Jg), implies that Jg is a faithful Dg-
module. Then r1g = αg(r1g−1), for all g ∈ G, and therefore r ∈ R
α.
Finally we show that ∆/Rα is separable. By [7, Theorem 2.7.1] it is enough to prove
that ∆m/(R
α)m is separable, for every maximal ideal m of R
α. But if Rα is local, then R
is semi-local being a f.g.p. over Rα. It follows that Pic(R) = 0, and hence Pic(Dg) = 0,
for all g ∈ G as Dg is a direct factor of R. Thanks to the third item of Lemma 3.8 f
is locally trivial, i.e. f(g)p ∼= (Dg)p, for any p ∈ Spec(R), and it follows from Lemma
3.7 that f(g) ∈ Pic(Dg) = 0, so that f(g) ∼= Dg as Dg-modules as well as R-modules.
Then, Example 7.2 implies that ∆m is a crossed product by a twisted partial action, and
consequently, ∆m is separable over R
α thanks to [27, Proposition 3.2]. 
Remark 7.4. It is readily seen that the ring isomorphism αg : Dg−1 → Dg gives an
R-R-bimodule isomorophism
g(Dg−1)I ∼=I (Dg)g−1 ,
where I(Dg)g−1 = Dg, as sets, the left R-action on I(Dg)g−1 is (r, d) 7→ rd and the
right R-action is defined by (d, r) 7→ dαg(r), a ∈ Dg, r ∈ R. Then obviously Φ0(g) =
[g(Dg−1)I ] = [I(Dg)g−1 ] ∈ PicSRα(R).
Proposition 7.5. Let A be an Azumaya Rα-algebra containing R as a maximal com-
mutative subalgebra. Take f ∈ Z1(G,α∗,PicS(R)) such that ϕ5([A]) = cls(f). Write
Φf (g) = [Jg], then there is a factor set F = {fg,h : Jg⊗Jh → Dg⊗Jgh} for Φf and
∆ = ∆(F, α,R,Φf , G) =
⊕
g∈G Jg is a partial generalized crossed product.
Proof. Write f(g) = [Cg] for all g ∈ G, then Jg ≃ Cg⊗I (Dg)g−1 . By Remark 5.4 one
may assume that
Cg = {a ∈ 1g−1A | αg−1(r1g)a = ar, for any r ∈ R},
with left and right R-module actions given by r • a = αg−1(r1g)a = ar = a • r, for r ∈ R
and a ∈ Cg. Let J
′
g = Cg as sets and suppose that the left and right R-module actions
on J ′g are given by
(31) r ⋆ a = αg−1(r1g)a and a ⋆ r = aαg(r1g−1),
for r ∈ R and a ∈ J ′g.
Consider the R-R-bimodule map
λ : J ′g −→ Cg ⊗I (Dg)g−1
ug 7−→ ug ⊗ 1g
,
and let
ζ : Cg⊗I(Dg)g−1 −→ J
′
g,
cg⊗dg 7−→ cgdg.
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Then it is not difficult to check that ζ = λ−1, and λ is an isomorphism, so J ′g ≃ Jg when
considered with the left and right R-module actions given by (31).
On the other hand, by Proposition 6.2 the map Φf is a partial representation, and we
shall construct a factor set for it.
Let ug ∈ Jg, uh ∈ Jh and r ∈ R, then
α(gh)−1(r1gh)uhhg = α(gh)−1(r1gh)1h−1uhhg
= αh−1(αg−1(r1g)1h)uhug
= uhαg−1(r1g)ug
= uhugr.
In particular,
1(gh)−1uhug = α(gh)−1(1g1gh)uhug = uhug1g = uhug.
Thus uhug ∈ Jgh and the map
fg,h : Jg ⊗ Jh −→ Dg⊗Jgh
ug⊗uh 7−→ 1g⊗uhug
,
is well defined, and it is not difficult to show that fg,h is R-bilinear. Now we check
that fg,h is an isomorphism. Localizing by an ideal in Spec(R
α) we may assume that
Rα is a local ring. This implies that R is semilocal and Pic(R) = {1}. Since Dg is a
direct summand of R, we obtain Pic(Dg) = {1}. But [Cg] ∈ Pic(Dg), and there is a
R-R-bimodule isomorphism γg : Dg −→ Cg. Set ωg = γg(1g) ∈ Cg, then given cg ∈ Cg,
there exists d ∈ Dg such that
cg = γg(d) = d · γd(1g) = αg−1(d)ωg = ωgd.
This implies that Cg = Dg · ωg = ωgDg with αg−1(r1g−1)ωg = ωgr, for each r ∈ R.
Consider the isomorphism γ′g : I(Dg)g−1 → Jg given by the composition
I(Dg)g−1 −→ Dg⊗I(Dg)g−1 −→ Cg⊗I(Dg)g−1 −→ Jg.
Then γ′g(1g) = ωg, and Jg = Dg−1ωg = ωgDg. From this we get that
fg,h : ωgDg ⊗ ωhDh −→ Dg⊗ωghDgh
ωgdg⊗ωhdh 7−→ 1g⊗ωhdhωgdg
,
for all g, h ∈ G. Now we construct the inverse of fg,h. By Lemma 5.3, there is an
isomorphism g(1g−1A) ≃ Cg⊗A. Localizing by an ideal in Spec(R
α), we have g(1g−1A) ≃
ωgDg⊗A ≃ ωgA. Since 1g−1 ∈ 1g−1A, there is ag ∈ A such that
(32) ωgag = 1g−1 .
But
ωg(agωg) = (ωgag)ωg = 1g−1ωg = ωg1g.
Since ωg is a free basis of g(1g−1A), we obtain
(33) agωg = 1g.
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For r ∈ R, one has that
ωgαg(r1g−1)ag = rωgag = r1g−1
= 1g−1r = ωgagr.
Then,
(34) αg(r1g−1)ag = agr, for all r ∈ R.
But
1gagah1h−1ωghr = 1gagah1h−1αh−1g−1(r1gh)ωgh
= 1gagah1h−1αh−1(αg−1(r1g)1h−1)ωgh
(34)
= 1gagαg−1(r1g)ah1h−1ωgh
(34)
= r1gagah1h−1ωgh.
Then, 1gagah1h−1ωgh ∈ CA(R) = R. Hence, 1gagah1h−1ωgh = 1g1ghagahωgh ∈ DgDgh.
Finally, we see that
ωhωg(1gagah1h−1ωgh) = ωgagah1h−1ωgh
(32)
= ωh1g−1ah1h−1ωgh
= αh−1(1g−11h)ωhah1h−1ωgh
(32)
= 1h−1g−11h−1ωgh
= 1h−1ωgh.
We consider the well defined map
lg,h : Dg⊗ωghDgh −→ ωgDg⊗ωhDh
dg⊗ωghdgh 7−→ ωg(dgagah1h−1ωghdgh)⊗ωh.
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Moreover,
lg,h ◦ fg,h(ωgdg⊗ωhdh) = lg,h(1g⊗ωhdhωgdg)
= lg,h(1g⊗ωhωgαg(dh1g−1)dg)
= ωg(1gagah1h−1ωhωgαg(dh1g−1)dg)⊗ωh
= ωgagahωhωgdgαg(dh1g−1)⊗ωh
(33),(32)
= 1g−11hωgdgαg(dh1g−1)⊗ωh
= αg−1(1gh1g)ωgdgαg(dh1g−1)⊗ωh
= ωg1ghdgαg(dh1g−1)⊗ωh
= ωgdgαg(1h1g−1)αg(dh1g−1)⊗ωh
= ωgdgαg(dh1g−1)⊗ωh
= ωgdg · dh⊗ωh
= ωgdg⊗dh · ωh
= ωgdg⊗αh−1(dh)ωh
= ωgdg⊗ωhdh,
and
fg,h ◦ lg,h(dg⊗ωghdgh) = fg,h(ωg(dgagah1h−1ωghdgh)⊗ωh)
= 1g⊗ωhωgdgagah1h−1ωghdgh
= 1g⊗ωhαg−1(dg)ωgagah1h−1ωghdgh
(32)
= 1g⊗ωhαg−1(dg)1g−1ah1h−1ωghdgh
= 1g⊗αh−1(αg−1(dg))ωhah1h−1ωghdgh
(32)
= 1g⊗αh−1(αg−1(dg))1h−11h−1ωghdgh
= 1g⊗αh−1g−1(dg1gh)ωghdgh
= 1g⊗dg · ωghdgh
= dg⊗ωghdgh.
and we conclude that fg,h is an isomorphism. Thus to show that F = {fg,h : Jg⊗Jg −→
Dg⊗Jgh, g, h ∈ G} is a factor set, it only remains to prove that the diagram
Jg⊗Jh⊗Jl
id⊗fh,l
//
fg,h⊗id

Jg⊗Dh⊗Jhl
ϕ⊗id
// Dgh⊗Jg⊗Jhl
id⊗fg,hl

Dgh⊗Dg⊗Jghl
m⊗id

Dg⊗Jgh⊗Jl
id⊗fgh,l
// Dg⊗Dgh⊗Jghl
,
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where
ϕ : Jg⊗Dh −→ Dgh⊗Jg
ug⊗dh 7−→ αg(dh1g−1)⊗ug
and
m : Dgh⊗Dg −→ Dg⊗Dgh
dgh⊗dg 7−→ dg⊗dgh
,
is commutative. Indeed, for ug ∈ Jg, uh ∈ Jh, ul ∈ Jl, we have
ug⊗uh⊗ul
fg,h⊗id
7−→ 1g⊗uhug⊗ul
id⊗fgh,l
7−→ 1g⊗1gh⊗uluhug.
and,
ug⊗uh⊗ul
id⊗fh,l
7−→ ug⊗1h⊗uluh
ϕ⊗id
7−→ 1gh⊗ug⊗uluh
Dgh⊗fg,hl
7−→ 1gh⊗1g⊗uluhug
m⊗id
7−→ 1g⊗1gh⊗ulyhug.
then the diagram is commutative and ∆ =
⊕
g∈G Jg is a partial generalized crossed
product. 
Lemma 7.6. Let f ∈ Z1(G,α∗,PicS(R)) be such that ∆ = ∆(F , α,R, fΦ0, G) =⊕
g∈G Jg is a partial generalized crossed product. Then ϕ5([∆]) = cls(f
−1).
Proof. Writef(g) = [Mg], then Jg ≃ Mg⊗I(Dg)g−1 . Since Mg is a Dg-module, we
have that Jg⊗I(Dg−1)g ≃Mg⊗I(Dg)g−1⊗I(Dg−1)g ≃Mg⊗Dg ≃Mg. Hence,
Mg ≃ Jg⊗I(Dg−1)g.(35)
By Proposition 7.3 we have that [∆] ∈ B(R/Rα) and the equality
Jg = {a ∈ ∆ : αg(r1g−1)a = ar, for all r ∈ R},
follows by (29). Denote ϕ5(∆) = cls(f
′), where f ′(g) = [Cg]. By Lemma 5.3 we obtain
Cg = {a ∈ 1g−1∆; αg−1(r1g)a = ar, for all r ∈ R}.
Consider the well defined R-bimodule map
ϕ : I(Dg)g−1⊗Jg−1 −→ Cg
d⊗xg−1 7−→ αg−1(d)xg−1 .
Then
ξ : Cg −→ I(Dg)g−1⊗Jg−1
cg 7−→ 1g⊗cg
is the inverse of ϕ. Indeed, for cg ∈ Cg we have
(ϕ ◦ ξ)(cg) = ϕ(1g⊗cg) = αg−1(1g)cg = 1g−1cg = cg.
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Moreover, for d ∈ Dg and xg−1 ∈ Jg−1 , we see that
(ξ ◦ ϕ)(d⊗xg−1) = ξ(αg−1(d)xg−1)
= 1g⊗xg−1
= 1g · αg−1(d)⊗xg−1
= d⊗xg−1 ,
and we get that ϕ = ξ−1, as there is an isomorphism
(36) Cg ≃I (Dg)g−1⊗Jg−1 .
Since f ∈ Z1(G,α∗,PicS(R)), then
α∗g(f(h)[Dg−1 ])f(gh)
−1f(g) = [Dg][Dgh], ∀ g, h ∈ G.
In particular, taking h = g−1 and using the fact f(1) = [R], we obtain
(37) f(g)−1 = α∗g(f(g
−1)[Dg−1 ]), ∀ g ∈ G.
Then
Cg ≃ Cg⊗Dg
(36)
≃ I (Dg)g−1⊗Jg−1⊗Dg
≃ I(Dg)g−1⊗Jg−1⊗I(Dg)g−1⊗I(Dg−1)g
(35)
≃ I(Dg)g−1⊗Mg−1⊗I(Dg−1)g
≃ α∗g(f(g
−1)[Dg−1 ])
(37)
≃ f(g)−1.
Since ϕ5([∆]) = cls(f
′), where f ′(g) = [Cg] = [f(g)
−1], for all g ∈ G. Then f ′ = f−1
and ϕ5(∆) = cls(f
−1).

Theorem 7.7. The sequence B(R/Rα)
ϕ5
→ H1(G,α∗,PicS(R))
ϕ6
→ H3(G,α,R) is exact.
Proof. Let f ∈ Z1(G,α∗,PicS(R)) be such that cls(f) ∈ Im(ϕ5), then there is
[A] ∈ B(R/Rα) with ϕ5([A]) = cls(f). Write f(g) = [Cg], it follows from Proposition 7.5
that ∆ =
⊕
g∈G Jg, where Jg = Cg⊗I(Dg)g−1 is a partial generalized crossed product.
Then, ϕ6(cls(f)) is trivial in H
3(G,α,R) and consequently cls(f) ∈ ker(ϕ6), and we
obtain that Im(ϕ5) ⊆ ker(ϕ6).
On the other hand, if f ∈ Z1(G,α∗,PicS(R)) satisfies cls(f) ∈ ker(ϕ6), then ∆ =⊕
g∈G Jg, where Jg = f(g)⊗I(Dg)g−1 , is a partial generalized crossed product and [∆] ∈
B(R/Rα). By Lema 7.6, we have that ϕ5(∆) = cls(f
−1). Then cls(f−1) ∈ Im(ϕ5).
Since Im(ϕ5) is a group we conclude that cls(f) ∈ Im(ϕ5), proving that the sequence
is exact. 
Summarizing, we have obtained the following seven-term exact sequence:
0 → H1(G,α,R)
ϕ1
→ Pic(Rα)
ϕ2
→ PicS(R)α
∗
∩Pic(R)
ϕ3
→ H2(G,α,R)
ϕ4
→ B(R/Rα)
ϕ5
→
H1(G,α∗,PicS(R))
ϕ6
→ H3(G,α,R).
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Corollary 7.8. Hilbert’s 90th Theorem for partial actions. Let R ⊇ Rα be a
partial Galois extension. If Pic(Rα) = 0, then H1(G,α,R) = 0. 
Corollary 7.9. Crossed Product Theorem for partial actions. Let R be a commu-
tative ring such that Pic(R) is trivial. If α is a unital partial action of a finite group G
on R such that R/Rα is an α-partial Galois extension, then there is a group isomorphism
H2(G,α,R) ∼= B(R/Rα) given by cls(ω) 7→ [R ⋆α,ω G].
Proof. Since Pic(R) is trivial we conclude that Pic(Dg) is trivial for all g ∈ G. Then
by the third item of Lemma 3.8 we obtain that f(g) = [Dg] for all f ∈ Z
1(G,α∗,PicS(R))
which implies that H1(G,α∗,PicS(R)) is trivial and ϕ4 is an isomorphism. 
Corollary 7.10. [5] Let G be a finite group acting globally on the commutative ring
R and suppose that R/RG is a Galois extension. Then there is a seven term exact
sequence 0 → H1(G,U(R))
ϕ1
→ Pic(RG)
ϕ2
→ Pic(R)G
ϕ3
→ H2(G,U(R))
ϕ4
→ B(R/Rα)
ϕ5
→
H1(G,Pic(R))
ϕ6
→ H3(G,U(R)).
Proof. When the action α is global we have Rα = RG and Dg = R for any g ∈ G.
The latter implies H i(G,α,R) = H i(G,U(R)), for 1 ≤ i ≤ 3. Moreover PicS(R)α
∗
=
PicS(R)G = {[E] ∈ PicS(R) | Eg ∼= E for any g ∈ G} and then PicS(R)
α∗ ∩Pic(R) =
Pic(R)G. Finally,
cls(f) ∈ H1(G,α∗,PicS(R))⇔ f ∈ Z1(G,α∗,PicS(R)) & f(g) ∈ Pic(Dg), ∀g ∈ G.
⇔ f ∈ Z1(G,α∗,PicS(R)) & f(g) ∈ Pic(R), ∀g ∈ G.
⇔ f ∈ Z1(G,Pic(R)),
so that H1(G,α∗,PicS(R)) = H1(G,Pic(R)), and we obtain the sequence as given in
[5]. 
Remark 7.11. The fact that ϕ6(cls(f)) = cls(ω) ∈ H
3(G,α,R) for every 1-cocycle
f ∈ Z1(G,α∗,PicS(R)) was proved in [17, Section 6.1] by showing that ωp is a 3-
coboundary for any prime p ∈ Spec(Rα). Thus it is reasonable to say that a partial
cocycle ω ∈ Zn(G,α,R) is a local coboundary if for any p ∈ Spec(Rα) there exists
ρ ∈ Cn−1(G,αp, Rp) such that ω(g1, . . . , gn)p = (δ
n−1ρ)(g1, . . . , gn), where αp is the
partial action of G on Rp which corresponds to α. Then we may call the cohomology
class of ω ∈ Zn(G,α,R) locally trivial if ω is a local coboundary, and we denote by
Hnlt(G,α,R) the subgroup of H
n(G,α,R) which consists of the locally trivial cohomology
classes. With this notation we have that Imϕ6 ⊆ H
3
lt(G,α,R).
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